Luttinger liquid parameters from tensor network data by Weyrauch, Michael & Rakov, Mykhailo V.
Luttinger liquid parameters from tensor network data
Michael Weyrauch1 and Mykhailo V. Rakov1,2,3
Physikalisch-Technische Bundesanstalt, Bundesallee 100, D-38116 Braunschweig, Germany
Technische Universita¨t Braunschweig, Mendelssohnstraße 3, D-38106 Braunschweig, Germany and
Institutionen fo¨r fysik och astronomi, Uppsala universitet, Box 516, S-75120 Uppsala, Sweden
(Dated: June 15, 2020)
We study the XXZ Heisenberg model in a staggered magnetic field using the HOTRG tensor renor-
malization method. Built into the tensor representation of the XXZ model is the U(1) symmetry,
which is systematically maintained at each renormalization step. We determine the phase diagram
of the model from the low lying spectrum, and from the finite size dependence of the spectrum we
extract scaling dimensions, which are compared to predictions of low energy field theory.
I. INTRODUCTION
The (1+1)-dimensional spin-1/2 XXZ Heisenberg
model in a staggered magnetic field features an extended
massless spin-liquid phase. In addition, there are two
massive phases, a ferromagnetic phase (FM) and an an-
tiferromagnetic phase (AFM). The massless phase is not
polarized but ordered partially anti-ferromagnetically. A
sketch of the phase diagram based on calculations pre-
sented in the present paper is shown in Fig. 1.
It is expected that the critical phase resembles a Lut-
tinger liquid1,2 which can be described by a conformal
field theory with central charge c = 1 similar to the mass-
less phase of XXZ model in a homogeneous field3. How-
ever, while the latter model may be diagonalized using
the Bethe Ansatz, the XXZ model in a staggered field is
not integrable.
Conformal symmetry relates the finite size spectrum
of a discrete model to corresponding field theoretical op-
erators, such that their scaling dimensions may be de-
termined from a numerical diagonalization of the model
Hamiltonian. Using various methods, notably the Bethe
Ansatz, scaling dimensions were determined numerically
for the XXZ model (with and without homogeneous mag-
netic field) and compared to field theoretical predic-
tions4,5. For the XXZ model in a staggered field such
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FIG. 1. Phase diagram in the (∆, hs)-plane for hs ≥ 0. The
blue line separates the ferromagnetic phase (FM) from the critical
phase, and the orange line separates the critical phase from the
anti-ferromagnetic phase (AFM). The light dashed lines indicate
the cross sections where calculations are performed.
a comparison was attempted using exact diagonalization
for system sizes up to 18 sites3,6.
Tensor renormalization is able to obtain spectra for
much larger systems, and in a recent paper7 we stud-
ied the XXZ chain in a longitudinal homogeneous field
and showed by comparison to Bethe ansatz results that
the method is able to determine accurately the spectrum
and phase diagram of such systems. Here, we present a
detailed analysis of the XXZ model in a staggered field
using the same method. We do this with two goals in
mind: firstly, we determine the phase diagram from the
spectral gap and various other observables. Secondly, for
the massless phase, we calculate scaling dimensions from
the finite size dependence of the spectrum. These scaling
dimensions are compared to the predictions of Luttinger
liquid low energy field theory in an attempt to determine
the validity of the field theoretical description. In order
to do so, the numerical uncertainties of the calculations
must be assessed carefully.
The tensor renormalization method employed here is
discussed in some detail in our previous paper7. It is
based on the HOTRG method introduced in Ref.8 with
U(1) symmetry of the tensors implemented explicitly.
This enables large tensor sizes and labels the calculated
spectra with the appropriate U(1) quantum numbers.
This is important for the comparison with field theoret-
ical results. The low lying spectrum is determined from
the calculated transfer matrix, which is directly obtained
from the coarse grained tensors. The renormalized tensor
at each coarse graining step corresponds to a certain sys-
tem size, therefore, one obtains the complete finite size
dependence of the spectrum required for the determina-
tion of the scaling dimensions in a single run of the tensor
renormalization procedure.
In section II we determine the phase diagram from the
low lying spectrum. A detailed discussion of its finite
size dependence and a comparison with field theoretical
predictions are presented in section III. Details of our
HOTRG tensor renormalization method are presented in
section IV. In particular, various numerical issues that
contribute to the overall uncertainty of the numerical re-
sults are addressed.
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FIG. 2. Properties of the spin-1/2 XXZ model as a function of the anisotropy ∆ at staggered magnetic fields hs = 0.5 and hs = 0.75.
(left) ground state energy per site. (center) excitation gap. (right) z− z correlator 〈SizSi+1z 〉 and rescaled longitudinal magnetization mz .
The graphs for energy per site and spectral gap are qualitatively similar to Bethe ansatz results for hs = 07. The magnetization in each
phase is exactly the same as for hs = 0.
The ground state energy shows a cusp at the FM phase boundary ∆1 ' −1.118 for hs = 0.5 and ∆1 ' −1.250 for hs = 0.75, respectively,
in excellent agreement with the Pokrovsky-Talapov prediction ∆1 = −
√
1 + h2s. At ∆1 the gap closes, the magnetization jumps from 1/2
to 0, and the z − z correlator changes discontinuously from 1/4 to ' −0.014 for hs = 0.5 and to ' −0.024 for hs = 0.75 (in contrast to
hs = 0, where it changes from 1/4 strictly to zero).
At the AFM phase boundary ∆2 ' −1.010 for hs = 0.5 (∆2 ' −1.165 for hs = 0.75) the spectral gap reopens smoothly, i.e., there is no
cusp. Neither the ground state energy nor the z − z correlator or the magnetization show a discontinuity at that point.
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FIG. 3. Properties of the spin-1/2 XXZ model as a function of the staggered magnetic field hs at ∆ = −1.25.
(left) ground state energy per site. (center) excitation gap. (right) rescaled magnetization mz and staggered magnetization m¯z .
The energy is constant in the FM phase and shows a cusp at the critical point hs1 ' 0.750 in agreement with the prediction hs1 =
√
∆2 − 1.
The energy gap is described very precisely by the function 0.25 (1− ( hs
0.75
)2) in the FM phase and shows a cusp at hs1. At this point the
gap closes, the magnetization mz jumps from 1/2 to 0 while the staggered magnetization m¯z jumps from 0 to ' 0.15.
At hs2 ' 0.861 the gap smoothly reopens, i.e., without a cusp. Neither the ground state energy nor any of the magnetizations show a
discontinuity at that point.
II. XXZ MODEL IN A STAGGERED FIELD:
GROUND STATE ENERGY AND SPECTRAL
GAP
The anisotropic spin-1/2 XXZ model in a staggered
field is given by the Hamiltonian
H =
N∑
i=1
SixS
i+1
x +S
i
yS
i+1
y + ∆S
i
zS
i+1
z − (−1)ihsSiz. (1)
Here, the Siλ are spin-1/2 matrix representations of SU(2)
and N denotes the system size. The model depends on
two parameters: the anisotropy ∆ and staggered field
hs. We investigate its properties as a function of these
two parameters. The model is U(1) symmetric and its
states may be labelled by the U(1) quantum numbers Sz
or by the magnetization mz = Sz/N . The Z2 spin-flip
symmetry of the model is assumed to be broken by an
infinitesimal longitudinal magnetic field, since otherwise
the magnetization in the ferromagnetic phase would van-
3ish.
The U(1) symmetry is built into the numerical algo-
rithm explicitly. The algorithm determines the spectrum
of the Hamiltonian from a diagonalization of the transfer
matrix obtained from the HOTRG tensors as explained in
more detail in section IV and Ref.7. Results for a number
of selected parameters (∆, hs) are shown in Figs. 2 and 3.
The parameters chosen for these figures correspond to the
light dashed lines in the phase diagram (Fig. 1). Strictly
speaking, the presented numerical results correspond to
finite size systems of 1024 spins. However, infinite-size
results only differ within the resolution of the plots.
The phase diagram of the model shown in Fig. 1 is
obtained from the calculations of the spectral properties,
and the phase boundaries delineate the parameter region
where the gap is found to be numerically smaller than
10−5. This limit is chosen in view of the systematic un-
certainties of our calculations and the fact that we treat
a large but finite system. A discussion of the expected
numerical uncertainties is relegated to section IV.
The phase diagram is symmetric with respect to the
line hs = 0, and we only show the area hs ≥ 0. The
FM phase is separated from the massless phase by the
Pokrovsky-Talapov line hs =
√
∆2 − 1 for ∆ ≤ −1 deter-
mined from the smallest staggered field compatible with
a ferromagnetic ground state, i.e., a state in the sector
Sz = ±N/2. In fact, the numerical calculations always
find the FM ground state in the Sz = ±N/2 sector. The
phase transition from the FM phase to the critical phase
is first-order: The ground state energy and the gap show
a cusp, the magnetization in z-direction jumps from 1/2
to zero, the staggered magnetization jumps from zero to
a finite value, and the z−z-correlator 〈SizSi+1z 〉 from 1/4
to a finite value. (These values are explicitly given in the
figure captions for specific parameter sets.)
There is no analytical result for the boundary between
the AFM and massless phases, except for hs close to zero,
where field-theoretical considerations predict the bound-
ary to be at ∆ = −1/√2. Our numerical result is in good
agreement with this prediction, which will be further dis-
cussed in the following section. This AFM boundary was
suggested to be of infinite order in Ref.6, and our results
support this prediction as indicated by the smooth onset
of the gap in the AFM region: we do not find indications
of discontinuities at this phase boundary in the ground
state energy, magnetization or z − z-correlator (as far as
this is possible numerically).
III. FINITE SIZE DEPENDENCE IN THE
MASSLESS PHASE
The energy spectrum as a function of the number of
spins is immediately obtained from the transfer matri-
ces calculated from the HOTRG tensors at each ‘space’
renormalization step. As explained in more detail in the
following section, the HOTRG coarse graining procedure
involves time steps and space steps, and at each space
step the system size increases by a factor of two, start-
ing from a system with N = 2. Since we use a U(1)
symmetric HOTRG implementation, the transfer matrix
calculated at each step is block diagonal. Each block cor-
responds to a fixed number r of ‘up’ spins and is labelled
by the spin-wave quantum number Sz = r −N/2.
For the size dependence E0(N) of the ground state
energy in the massless regime, conformal invariance pre-
dicts 9
E0(N)
N
= − picvs
6N2
+ o(N−2) (2)
with  the ground state energy per site of the infinite sys-
tem, c the central charge and vs the spin-wave velocity.
Assuming that c = 1, we determine vs from numerical
data for the ground state energy. This (absolute) ground
state in the massless phase is found in the Sz = 0 sector.
Selected results for the spin-wave velocities are shown in
Fig. 4 for the staggered fields hs = 0.5 and hs = 0.75,
respectively. Results for ∆ = −1.25 as a function of hs
are shown in Fig. 5. As already mentioned, these par-
ticular parameter selections are indicated in the phase
diagram Fig. 1 by the light grey lines. In addition to the
numerical data, we show fits to these results. These fits
assume a square root singularity of vs at the FM phase
boundary. Such a dependence is suggested by the Bethe
Ansatz result for zero staggered field, but for finite fields
its is a conjecture, however supported by the numerical
data. Close to the FM boundary our numerical results
show significant deviation from this fit, and in fact the
renormalization procedure does have difficulties to con-
verge in this parameter region.
For the size dependence of the gaps, conformal invari-
ance predicts9
Eα(N)− E0(N) = 2pivs
N
yα + o(N
−1) (3)
which determines the scaling dimensions ya using the
spin-wave velocities obtained from the ground state en-
ergy as input. In Figs. 4 and 5 we show the scaling
dimensions corresponding to the ground state and first
excited states in the Sz = 0, Sz = ±1, Sz = ±2, and
Sz = ±3 sectors. The (approximate) degeneracies of
these states are found to be compatible with those indi-
cated in Fig. 6, i.e., the results shown in the Figs. 4 and 5
correspond to 17 different states including the (absolute)
ground state, which are determined from the diagonaliza-
tion of the transfer matrix. We observe that the scaling
dimensions depend continuously on both ∆ and hs. For
the lower part of the conformal tower we show fits to our
numerical data assuming an arccosine singularity at the
FM boundary, which is suggested by the Bethe Ansatz
results for zero staggered field. The upper part is fit-
ted assuming a hyperbolic singularity. This singularity
is phenomenological and in disagreement with the field
theoretical prediction as will be further discussed below.
In order that the whole massless phase of the XXZ
model in a staggered magnetic field may be regarded a
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FIG. 4. Properties of the spin-1/2 XXZ model in the massless phase at hs = 0.5 and hs = 0.75 as a function of the anisotropy ∆. The
vertical dashed lines correspond to the phase boundaries as determined from the results in section II. (left) spin wave velocity vs. (center)
conformal towers of scaling dimensions y. The scaling dimension y = 0 with Sz = 0 corresponds to the non-degenerate ground state.
(right) ratios of scaling dimensions and y = 1/(4xp).
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FIG. 5. Properties of the spin-1/2 XXZ model in the massless phase at ∆ = −1.25 as a function of the staggered field hs. Details as in
Fig. 4 above.
Luttinger liquid3,4, it should be possible to express the
scaling dimensions as
yα = xn,m + j + j
′, xn,m = n2xp +
m2
4xp
. (4)
and non-negative integers n, m, j, and j′. Here, n = Sz
while j, j′ are spin-wave excitation numbers and m is
the vorticity. Like the spin-wave velocity, the parameter
xp = x1,0 is a smooth function of the model parameters
∆ and hs. For hs = 0 this function can be easily deter-
mined from Bethe Ansatz, however, here it must be de-
termined numerically from the lowest state in the Sz = 1
sector. With this xp we predict the conformal tower yα
from our data as shown in Fig. 6. Obviously, our numer-
ical data are in reasonable agreement with the field the-
oretical prediction with the exception of the hyperbolic
singularity seen close to the FM boundary for the up-
per part of the conformal tower. Specifically, the excited
states in the various spin sectors are shifted by about one
unit xα ∼ 1 suggesting that these states correspond to
j + j′ = 1 and x0,0 = 0. Clearly, the upper part of the
numerically determined conformal tower shows qualita-
tive differences to the field theoretical result. However,
close to the FM boundary precise calculations are rather
difficult, and more numerical data are needed to confirm
this result.
A more quantitative comparison between Eq. (4) and
our data is attempted in the right column of Fig. 4
and 5. In particular, we check the predictions y(Sz =
±2)/y(Sz = ±1) = 4 and y(Sz = ±3)/y(Sz = ±1) = 9
51
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FIG. 6. Prediction of Eq. (4) for hs = 0.5 using the same color
scheme as in Fig. 4 with xp determined from the tensor network
data; the numbers to the right indicate the degeneracy of the states.
The degeneracies arise due to the j and j′ quantum numbers in
Eq. (4), which take only the values 0 and 1 here. As a consequence,
the higher spectrum is just a shift of the lower spectrum by one
unit with an increase of degeneracy.
for the lower part of the conformal tower. Here we see
that this is quantitatively reproduced only in the center
of the massless phase. Close to the AFM phase bound-
ary there are convergence problems of the renormaliza-
tion procedure, but seemingly less severe than at the FM
boundary.
We note that the scaling dimension y = x0,1 = 1/(4xp)
lies well above those shown in our figures, and can-
not be easily identified in the calculated spectra. How-
ever, we can infer this scaling dimension from the nu-
merically determined xp as was done for Fig. 6. This
scaling dimension is of interest because it is related to
the scaling dimension of the perturbing operator which
opens the gap at the AFM boundary of the massless
phase: yp = 2 − 1/(4xp)3,4. Specifically, for hs = 0
one finds xp = arccos(−∆)/2pi using the Bethe Ansatz.
As a consequence, the perturbing operator yp changes
sign at ∆ = −1/√2, and according to renormaliza-
tion group theory the perturbing operator is relevant for
∆ < −1/√2, and a spectral gap opens at this point. This
point marks the AFM phase boundary for hs = 0, which
is reproduced by our numerical data as discussed in the
previous section. From the data for finite staggered fields
shown in Figs. 4 and 5 we see that 1/(4xp) passes through
y = 2 always at or close to the numerically determined
phase boundary. This suggests that scaling dimension
yp = 2 − 1/(4xp) of the perturbing operator for finite
staggered fields is correctly predicted by the numerical
data, and yp changes sign at the AFM phase boundary.
In conclusion, an interpretation in terms of the Luttinger
liquid theory formulated by Eq. (4) is supported by the
numerical data, but shows quantitative differences close
to the FM boundary.
IV. TENSOR NETWORK IMPLEMENTATION
Details of our U(1) symmetric tensor network imple-
mentation have been reported in Ref.7, therefore we can
be brief here and only review a few key features and mi-
nor changes. However, we exhibit various sources of error
inherent in our method: truncation error, Trotter error,
finite size and finite temperature error.
The partition function of a (1+1)D quantum system is
expressed as a tensor trace 10,11
Z = Tr e−βH = tTr T⊗K . (5)
Here, H is the Hamiltonian of the many-body system and
β the inverse temperature. The (imaginary) time dimen-
sion is discretized into τ = β/M time intervals, and there
are N spins in space direction. The four-index tensors
Tijkl obtained from the Hamiltonian depend on β explic-
itly. The tensor trace is determined using the HOTRG
coarse graining procedure as outlined in Ref.8 and briefly
summarized in Fig. 7. The crucial step implementing the
coarse graining is shown in Fig. 7(c). Here, the tensor size
is reduced according to a higher order singular value de-
composition12, and only the dominant singular values are
kept. The main specific detail of our implementation as
described in Ref.7 is the explicit implementation of U(1)
symmetry according to the tensor structure proposed by
Singh and Vidal13,14. This not only saves computing re-
sources but assigns U(1) quantum numbers to calculated
physical quantities.
At each coarse graining step either the inverse temper-
ature or the space dimension increase by factor of two,
while the tensor size remains fixed above a certain system
size, and the information about the system is ‘squeezed’
into the ‘renormalized tensors’. The finite size spectrum
discussed in section III is obtained from these tensors at
each space step. Since the trace is not calculated exactly
but via a coarse graining procedure, numerical uncertain-
ties due to truncation are introduced. These uncertain-
ties are measured at each step from the total ‘weight’ of
neglected singular values.
The low lying spectrum is obtained from the tensor T
at every system size by diagonalization of the transfer
matrix
Mud =
∑
l
Tluld (6)
where l corresponds to the space indices. The transfer
matrix is block diagonal due to the explicit implemen-
tation of U(1) symmetry, and each block is labelled by
the appropriate U(1) quantum number. These blocks
are diagonalized, and the spectrum is obtained from the
logarithm of the eigenvalues. Other properties of the
system, e.g., the staggered magnetization, can be deter-
mined from the parameter dependence of the spectrum.
The precision of the obtained spectrum depends on the
truncation error, which in turn is related to the size of the
tensors we can handle. The numerical results correspond
to finite size systems of 1024 spins, however, infinite-
size results differ only on the order of 10−6. Typically,
the calculations are made with nominal tensor sizes of
m = 130 in each tensor dimension, not counting savings
due to U(1) symmetry
6x
τ
(a) (b) (c) (d) (e)
coarse graining in τ direction
projector
T
T'
FIG. 7. The essentials of the HOTRG coarse graining method: (a) a symmetric tensor network as a directed graph. (b) two tensors
T symbolized by the small black squares are contracted into one. (c) unitary projection and approximation using HOTRG. (d) the
renormalized tensor. (e) the coarse grained tensor network. (Arrows are omitted in (b), (c), (d) for simplicity.)
(∆, hs)
mpr (0,0) (-0.85,0) (-1.05,0.5) (-1.2,0.8)
4 1.3 · 10−4 2.8 · 10−4 3.3 · 10−4 3.8 · 10−4
6 1.3 · 10−4 1.3 · 10−4 1.5 · 10−4 1.7 · 10−4
8 9.8 · 10−6 3.7 · 10−5 4.7 · 10−5 5.8 · 10−5
12 8.5 · 10−7 1.6 · 10−5 2.1 · 10−5 2.5 · 10−5
16 1.9 · 10−7 4.4 · 10−6 5.6 · 10−6 6.8 · 10−6
TABLE I. Truncation error after 8 initial imaginary time iterations
with step τ = 0.001 as a function of number of kept eigenvalues mpr
at various (∆, hs). It is clear that the truncation error increases
when going to larger |∆| and larger hs.
Unfortunately, the truncation error is not the only er-
ror to be considered. Implicit in the construction we
incur a Trotter error for the imaginary time discretiza-
tion, which is minimized by choosing a sufficiently small
imaginary time step τ . Here we choose τ = 0.001 found
by numerical experiments. The problem one faces is that
τ should be small in order to minimize the Trotter er-
ror but not too small in order to reach a large enough β
within a limited number of time steps. For the calcula-
tions presented in this paper we changed the computer
program such that we can do more imaginary time steps
than space steps. Specifically, at the start of the calcula-
tion, we do about 8 initial imaginary time steps without
intermediate space steps. This modified ‘initial’ tensor is
truncated to a suitable size as to minimize the truncation
error. Empirically we found that the results have good
precision for m = 16 (see Tbale I), so that the ‘initial’
tensor has size 16× 4× 16× 4 after the initial imaginary
time steps. Furthermore, during the course graining pro-
cess, we can do several imaginary time steps between each
two space steps. Empirically we found that it is enough
to do two time steps between each space step.
V. CONCLUSIONS
The XXZ model in a staggered magnetic field was pre-
viously studied by analytical methods for ∆ = 0 and by
exact diagonalization for ∆ 6= 03. System sizes were 8-16
sites. Here, we are able to study systems of up to 1024
sites using a tensor network method. In this way it is
possible to obtain the low lying spectrum with good pre-
cision. From the spectrum we derive the phase diagram
as shown in Fig. 1.
The massless phase of the system is analyzed in con-
siderable detail and compared to predictions of Luttinger
liquid theory. In particular, conformal towers predicted
by this theory are compared to numerical data. Gen-
erally we find agreement, which suggests that the XXZ
model in a staggerd field resembles Luttinger liquid in
the massless phase. However, close to the FM boundary
we obtain qualitative differences which requires further
investigation. A definitive conclusion needs more and, in
particular, more precise numerical data.
Note that the results for the low-lying spectrum pre-
sented in section II and for the conformal towers pre-
sented in III are not produced in separate calculations.
At each parameter set (∆, hs) we only need one run of
the HOTRG program to obtain all the data discussed in
this paper.
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